Abstract. Let (A, m) be a local complete intersection ring and let I be an ideal in A. Let M, N be finitely generated A-modules. Then for l = 0, 1, the values depth Ext 2i+l A (M, N/I n N ) become independent of i, n for i, n ≫ 0. We also show that if p is a prime ideal in A then the j th Bass numbers µ j p, Ext 2i+l A (M, N/I n N ) has polynomial growth in (n, i) with rational coefficients for all sufficiently large (n, i).
Introduction
Let A be a Noetherian ring and let I be an ideal in A. Let M be a finitely generated A-module. By a result of Brodmann [B79-1] the set Ass A (M/I n M ) and the set Ass A (I n M/I n+1 M ) are eventually stable. Later [B79-2] he showed that if J is an ideal in A then grade(J, M/I n M ) and grade(J, I n M/I n+1 M ) are eventually constant. Recently in a far-reaching generalization T. Se [Se17] showed that if F is a coherent covariant A-linear functor from the category of finitely A-modules to itself the sets F (M/I n M ), F (I n M/I n+1 M ) and the values grade(J, F (M/I n M )) and grade(J, F (I n M/I n+1 M )) become independent of n for large n. We note that if N is a finitely generated A-module then the functors Tor are coherent for all i ≥ 0, cf. [Se17] .
For the rest of the introduction let us assume that (A, m) is a local complete intersection. In [Put13] the second author proved that if N = i≥0 N n is any finitely generated module over A [It] , the Rees-algebra of I, then for l = 0, 1 the sets Ass A Ext 2i+l A (M, N n ) are stable for large i, n. We note two significant cases are when N = n≥0 I n N and when N = n≥0 I n N/I n+1 N for a finitely generated A-module N . Later the second author (with D. Ghosh) [GP] proved that if N is a finitely generated A-module then for l = 0, 1 the sets Ass A Ext 2i+l A (M, N/I n N ) are stable for large i, n. In view of earlier results a natural question is that if J is an ideal in A then, for l = 0, 1, are the values (1) grade J, Ext 2i+l A (M, N n ) where N = n≥0 N n is a finitely generated module over A [It] (2) grade J, Ext 2i+l A (M, N/I n N ) where N is a finitely generated A-module independent of i, n for i, n ≫ 0. The first question has an affirmative answer (see Corollary 3.3). For the second question we prove Theorem 1.1. Let (A, m) be a local complete intersection ring and let I be an ideal in A. Let M, N be finitely generated A-modules. Then for l = 0, 1 the values depth Ext 2i+l A (M, N/I n N ) become independent of i, n for i, n ≫ 0.
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Our techniques do not work for arbitrary ideals of A.
Finally we may enquire about growth of Bass numbers of Ext 2i+l A (M, N/I n N ) as i, n vary. If p is a prime ideal in A and E is an A-module then let µ j (p, E) denote the j th Bass number of E with respect to p. We prove Theorem 1.2. Let (A, m) be a local complete intersection ring and let I be an ideal in A. For any prime ideal p of A and for every fixed l = 0, 1 we have
A (M, N/I n N ) has polynomial growth in (n, i) with rational coefficients for all sufficiently large (n, i). Remark 1.3. We note that Theorem 1.1 does not follow from Theorem 1.2 as
n N ) is not finitely generated over some bigraded ring.
We now describe in brief the contents of this article. In section two we show that the modules under consideration have a natural structure of a bigraded module over an appropriate bigraded ring. In section three we prove some preliminary results. In section four we prove our main result Theorem 1.1. Finally in section five we prove Theorem 1.2.
Module Structure
In this section we give the module structures which we are going to use in order to prove our main results.
Let Q be a commutative Noetherian ring and f = f 1 , . . . , f c a Q-regular sequence. Set A = Q/(f ). Let M and D be two A-modules, where M is a finitely generated A-module. We assume projdim Q (M ) < ∞. We will not change M throughout our discussion.
2.1. Let F : · · · −→ F n −→ · · · −→ F 1 −→ F 0 −→ 0 be a projective resolution of M by finitely generated free A-modules. Let t j : F(+2) −→ F, 1 ≤ j ≤ c be the Eisenbud operators defined by f = f 1 , . . . , f c (see [[Eis80] , section 1]). By [[Eis80], 1.4] the maps t j are determined unique upto homotopy . In particular, they induce well defined maps
The maps t j (j = 1, . . . , c) commutes upto homotopy. Thus
turns into a graded T := A[t 1 , . . . , t c ]-module, where T is a graded polynomial ring over A in the homology operators t j defined by f with degree of each t j is 2. Furthermore the structure depends only on f , are natural in both module arguments and commute with the connecting maps induced by short exact sequences. Set-up 2.5. Let Q be a Noetherian ring of finite Krull dimension, and let f = f 1 , . . . , f c a Q-regular sequence. Set A = Q/(f ).
2.6. Along with Set-up 2.5, let F be a projective resolution of M by finitely generated free A-modules and let t j : F(+2) −→ F, 1 ≤ j ≤ c be the Eisenbud operators as in 2.1. Let I be an ideal of A. Set R(I) := n≥0 I n t n , the Rees ring of A with respect to I.
Taking homology gives that E(N
, where degree of t j is (0, 2) for 1 ≤ j ≤ c and degree of ut n is (n, 0) for u ∈ I n and n ∈ Z. Now let us recall the following result from
Theorem 2.7. Along with Set-up 2.5, suppose M be a finitely generated A-module with projdim Q (M ) < ∞. Let I be an ideal of A, and let N = n≥0 N n be a finitely generated R(I)-module. Then
where T * is same as T but the degree of each t j in T * is (0, 1).
Some Preliminary results
3.1. Throughout this section we are assuming T, T * as in Note 2.2 and T , T * as in Note 2.8. Let I be an ideal of A. Set R(I) := n≥0 I n t n , the Rees ring of A with respect to I. Theorem 3.2. Along with Set-up 2.5, suppose M be a finitely generated A-module with projdim Q (M ) < ∞. Let N = n≥0 N n be a finitely generated R(I)-module. Let J be an ideal of A. Then we have grade J, Ext 2i+t A (M, N n ) is constant for every fixed t = 0, 1 and for all n, i ≫ 0.
Proof. We prove the Theorem for t = 0 only. For t = 1 the proof is similer.
It is well known that for fixed n, i 
where N 0 denotes the set of non-negative integers. For each fixed (n, i) ∈ N 2 0 and for
Corollary 3.3. Let (A, m) be a local complete intersection ring. Let M be a finitely generated A-module, let J be an ideal of A. Let N = n≥0 N n be a finitely generated graded R(I)-module. Then for fixed t = 0, 1 we have grade J, Ext
Proof. It is well known that for a finitely generated A-module E and for a ideal J of A (3.3.1) grade(J, E) = grade(Ĵ,Ê), whereĴ andÊ are completion of J and E respectively. SinceÂ is flat over A we have for each fixed n, i ≥ 0 and for each fixed t = 0, 1
So we may assume A is complete. So there exist a regular local ring Q with A = Q/(f ) and f = f 1 , . . . , f c is a Q-regular sequence. Also we will have projdim Q (M ) < ∞, since M is a finitely generated A-module and so as Q-module. Now the Corollary follows from Theorem 3.2.
We will need the next result in the following section.
Lemma 3.4. Along with Set-up 2.5, further assume Q is a local ring with residue field k. Let M be a finitely generated A-module with projdim
, where n and l are two fixed integers. Then for fixed t = 0, 1 there exist u ∈ N such that Ass A (S t ) j = Ass A (S t ) u for all j ≥ u. Furthermore for fixed t = 0, 1 either Ass A ((S t ) j ) = m for all j ≥ u or empty for all j ≥ u. Here m is the unique maximal ideal of A.
Proof. We prove the Lemma for t = 0 only. For t = 1 the proof is similer.
By 2.3 we have i≥0 Ext
A (M, N/I n N ) is finitely generated graded T * -module. So each (S 0 ) i is finitely generated Amodule. Hence there exist u ∈ N such that Ass A (S 0 ) j = Ass A (S 0 ) u for all j ≥ u.
Since for each i ≥ 0, (S 0 ) i is annhilated by m, we are done. is an additive subgroup of R such that
0 . We say that R is a standard Noetherian N 2 0 -graded algebra if A = R (0,0) is Noetherian and R is finitely generated as an A algebra by elements of degree (1, 0) and (0, 1), i.e., it is generated in total degree one. Let n = (n 1 , n 2 ) and m = (m 1 , m 2 ), where n, m ∈ N 2 0 . We say n ≥ m if n i ≥ m i for all i = 1, 2. We will write R ++ for the ideal consisting of all sums of homogeneous elements x n ∈ R n such that n i ≥ 1, for all i = 1, 2. In other words, R ++ denotes the ideal of R generated by R (1,1) . An R-module M is We note that we do not know whether (1) =⇒ (2) if Ass A (M ) is not a priori known to be finite.
Theorem 4.4. Along with Set-up 2.5 further assume Q is a local ring with residue field k. Let M and N be two finitely generated A-module with projdim Q (M ) < ∞, let I be an ideal of A. Then for fixed l and for every fixed t = 0, 1 we have that :
Proof. We prove the Theorem for t = 0 only. For t = 1 the proof is similer. For each n ≥ 0, consider the exact sequence
which induces an exact sequence of A-modules(for each i):
Taking direct sum over n, i and using the naturality of the Eisenbud operators t j , we have an exact sequence:
So we have an exact sequence
, we obtain the short exact sequences:
Applying Hom A (k, −) on 4.4.1 and 4.4.2, we get the following exact sequences:
. By virtue of 2.7 U ′ and W are finitely generated bigraded T * -module ( by Note 2.8 ), and hence X and Z are so. This implies that Ext
A (k, Z)) and Ext l A (k, Z)) are finitely generated bigraded T * -module, and hence C 1 , C 2 , C 3 and C 4 are so. Set 
* consisting of all sums of homogeneous elements x n ∈ T * n such that n i ≥ 1, for i = 1, 2. Now considering the corresponding long V ) ). Now using Lemma 3.4 on L (n,i) for fixed n ≥ 0 and then by 4.4.9 there exist (n α , i α ) ∈ N 2 0 such that
Now the result follows from a well-known fact: for an A-module M, Ass A (M ) is non empty if and only if M = 0. Hence we are done .
We now give proof of our main result. We restate it for the convenience of the reader.
Theorem 4.5. Let (A, m) be a local complete intersection ring. Let M and N be two finitely generated A-module, let I be an ideal of A. Then for fixed t = 0, 1 we have depth Ext
Proof. It is well known that for a finitely generated A-module E, (4.5.1) depth A (E) = depthÂ(Ê), whereÂ andÊ are completion of A and E respectively. SinceÂ is flat over A we have for each fixed n, i ≥ 0 and for each fixed t = 0, 1
So we may assume A is complete. So there exist a regular local ring Q with A = Q/(f ) and f = f 1 , . . . , f c is a Q-regular sequence. Also we will have projdim Q (M ) < ∞, since M is a finitely generated A-module and so as Q-module. We prove the Theorem for t = 0 only. For t = 1 the proof is similer.
It is well known that for fixed n, i depth Ext
For each fixed (n, i) ∈ N 2 0 and for each
By Theorem 4.4 for each fixed l there exist some (
Let (n,î) be the maximimum of such (n j , i j ) for 0 ≤ j ≤ dim(A). Let η = min{l|E n N ) are given by polynomial in (n, i) with rational coefficients for all sufficiently large (n, i).
Theorem 5.2. Along with hypothesis as in 5.1 further assume Q is a local ring with residue field k. Then for a fixed integer l and for every fixed t = 0, 1 we have
are given by polynomial in (n, i) with rational coefficients for all sufficiently large (n, i).
Proof. For each n ≥ 0, consider the exact sequence
So we have an exact sequence U −→ B −→ V −→ U (0, 1). Now setting X = Image(U −→ B), Y = Image(B −→ V ) and Z = Image(V −→ U (0, 1)), we obtain the short exact sequences:
Applying Hom A (k, −) on 5.2.1 and 5.2.2, we get the following exact sequences:
where we set
. By virtue of 2.7 U is finitely generated bigraded T -module, and hence X and Z are so. This implies that Ext
A (k, Z)) and Ext l A (k, Z)) are finitely generated bigraded T -module, and hence C 1 , C 2 , C 3 and C 4 are so. Now C j is annhilated by m for j = 1, 2, 3, 4, where m is the unique maximal ideal of A . So for j = 1, 2, 3, 4 each (C j ) (n,i) is finitely generated k-module for all (n, i) ∈ N 2 . Hence as an A-module (C j ) (n,i) has finite length for all (n, i) ∈ N 2 and j = 1, 2, 3, 4. Therefore, by applying the Hilbert-Serre Theorem to the bigraded T -modules C 1 , C 2 , C 3 and C 4 , we obtain (5.2.5) n,i≥0
λ A (C j ) (n,i) z i ω n = P Cj (z, ω) (1 − z 2 ) c (1 − ω) r for j = 1, 2, 3, 4, for some polynomials P Cj (z, ω) over Z for j = 1, 2, 3, 4.
Fix n ≥ 0. Now by 2.3,B = i≥0 B n,i = i≥0 Ext for each n, i ≥ 0. Multipling both side by z i ω n , then taking sum over n, i ≥ 0, and using 5.2.5 and 5.2.8 we obtain (5.2.10) n,i≥0 λ A Ext l A (k, V (n,i) ) z i ω n = P V (z, w) (1 − z 2 ) c (1 − w) r , where P V (z, w) = P C4 (z, ω) − P C3 (z, ω) + P Y (z, w) ∈ Z[z, ω]. Therefore it follows that are given by polynomial in n, i with rational coefficients for all sufficiently large (n, i).
Remark 5.3. By Theorem 5.2 we have for a fixed integer l and for every fixed t = 0, 1 We now give
Proof of Theorem 1.2. We note that A p is a local complete intersection ring. By taking a completion of A p with respect to pA p the result follows from Theorem 5.2.
